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We study mutual synchronization in double nanoconstriction-based spin Hall nano-oscillators
(SHNOs) under weak in-plane fields (µ0HIP = 30–40 mT) and also investigate its angular depen-
dence. We compare SHNOs with different nano-constriction spacings of 300 and 900 nm. In all
devices, mutual synchronization occurs below a certain critical angle, which is higher for the 300 nm
spacing than for the 900 nm spacing, reflecting the stronger coupling at shorter distances. Along-
side the synchronization, we observe a strong second harmonic consistent with predictions that the
synchronization may be mediated by the propagation of second harmonic spin waves. However,
although Brillouin Light Scattering microscopy confirms the synchronization, it fails to detect any
related increase of the second harmonic. Micromagnetic simulations instead explain the angular
dependent synchronization as predominantly due to magneto-dipolar coupling between neighboring
SHNOs.
I. INTRODUCTION
Nanoscale, spin current driven [1–3], auto-oscillators
[4–11] are of great interest both for ultra-wideband mi-
crowave signal generation [12, 13] and detection [14], and
for neuromorphic computing [15–17]. A recent subset
of these oscillators, so-called spin Hall nano-oscillators
(SHNOs) [18–29], are driven by pure spin currents in-
jected from an adjacent layer with strong spin-orbit cou-
pling, such as Pt or W, and have demonstrated highly
tunable microwave signals at room temperature with fre-
quencies up to 28 GHz [30].
Nano-constriction based SHNOs [21] are particularly
promising for applications as their fabrication is straight-
forward, their magnetodynamically active area is easily
accessible for direct studies using optical access, and they
exhibit very robust mutual synchronization [31], which
improves their microwave signal properties by orders of
magnitude. As mutual synchronization [32–37] is also one
of the most promising mechanisms for oscillator based
neuromorphic computing [16], chains of mutually syn-
chronized SHNOs [31] will likely become the preferred
implementation.
However, mutually synchronized SHNOs have so far
only been demonstrated in strong oblique magnetic fields
of about 1 T with out-of-plane angles of around 80◦;
for most applications this is impractical. Micromag-
netic simulations also showed that mutual synchroniza-
tion is promoted by the spatial expansion (delocaliza-
tion) of the auto-oscillating mode, which happens when
the frequency blueshifts with the bias current, which
was initially believed to only occur in strong out-of-
plane fields. As we have recently demonstrated theoreti-
cally [38] and experimentally [39] that auto-oscillations in
nano-constriction SHNOs can also expand even in weak
in-plane fields, it is interesting to explore the interaction
between neighboring auto-oscillating regions also at these
field conditions.
Here we experimentally demonstrate mutual synchro-
nization of adjacent nano-constriction SHNOs in in-plane
fields (HIP) as low as 0.03 T. We furthermore show that
the coupling between the nano-constrictions, and hence
their synchronization strength, can be tuned by the in-
plane field angle such that strongest synchronization is
achieved when the in-plane field is perpendicular to the
line connecting the SHNOs. This is consistent with our
micromagnetic simulations, which show that the auto-
oscillating modes rotate to stay orthogonal to the field,
thus offering different degrees of spatial overlap as a func-
tion of angle. As a consequence, mutual synchronization
is only observed below a certain critical angle, which de-
creases with increasing SHNO separation.
When the SHNOs synchronize, we observe a concomi-
tant substantial increase in the second harmonic consis-
tent with predictions that the synchronization may be
mediated by the propagation of second harmonic spin
waves [40]. Although Brillouin Light Scattering mi-
croscopy confirms the synchronization, it however fails
to detect any related increase of the second harmonic.
Micromagnetic simulations instead explain the angu-
lar dependent synchronization as predominantly due to
magneto-dipolar coupling between neighboring SHNOs.
II. EXPERIMENT
A. Device fabrication and measurement set-up
SHNO stacks of NiFe(5nm)/Pt(5nm) were prepared
on high-resistivity single crystal Si substrates using dc
magnetron sputtering under a 3 mTorr Ar atmosphere in
an ultra-high vacuum with 1.5 × 10−8 mTorr base pres-
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2FIG. 1. (Color online) (a) Schematic of a double-NC SHNO and the direction of the in-plane field and current in our experiment
(b) extracted ST-FMR peaks at Idc = 0 mA for microwave frequencies from 3 to 12 GHz, and the Lorentzian fit to them. Inset:
the extracted linewidth of the same spectra with the linear fit (c) extracted linewidth of ST-FMR peaks for f = 5 GHz versus
Idc for both negative and positive field polarities along ϕ = 30
◦. Inset: the angular dependent magnetoresistance of the bar
structure under µ0HIP = 0.1 T
sure. Single and double nanoconstriction-based SHNOs
with 150 nm width, separated by 300 to 900 nm, were
defined using electron beam lithography, and the pat-
tern was transferred to the stack using ion beam etching.
The magnetodynamic properties of the bilayer were de-
termined using spin-torque-induced ferromagnetic reso-
nance (ST-FMR) measurements on 6 µm-wide bars fab-
ricated next to the SHNO mesas. Finally, a conventional
ground–signal–ground (GSG) waveguide and electrical
contact pads for wide frequency range microwave mea-
surement were fabricated by photolithography, followed
by Cu/Au deposition and lift-off for both SHNOs and
ST-FMR bars.
Figure 1(a) shows the schematic of a double-NC based
SHNO and the configuration of the in-plane field (HIP)
and the current: the field angle ϕ = 0◦ is directed along
the x-axis, while a positive current flows along the y-axis.
ST-FMR measurements employing homodyne detection
were carried out on bar-shaped devices by applying a
313 Hz pulse-modulated microwave signal alongside a dc
current through a bias-tee. Using a lock-in amplifier,
the modulated dc voltage was detected through the same
bias-tee by sweeping the field from 200 mT to 0 mT, while
keeping the frequency of the input microwave signal and
the level of the input dc current fixed.
Microwave measurements were carried out in a custom-
built setup [41]. While a dc current was injected through
the constriction area of the SHNO, the auto-oscillation
microwave signal was captured using a spectrum ana-
lyzer, after amplification by 35 dB with a low-noise am-
plifier.
The micro-focused Brillouin Light Scattering (µ-BLS)
measurements were performed using a 532 nm single-
frequency (solid state diode-pumped) laser focused onto a
diffraction-limited spot (360 nm) using a high numerical
aperture objective (NA = 0.75). The scattered light from
the sample surface was then analyzed by a high-contrast
six-pass Tandem FabryPerot TFP-1 interferometer (JRS
Scientific Instruments). A nanometer-resolution stage al-
lowed scanning of the sample around the constriction to
make 2D spatial maps of the spin waves. The sample
was placed in the presence of a variable in-plane field
magnet with the option of varying the field angle. The
scattered light from the sample produced a BLS inten-
sity proportional to the square of the amplitude of the
magnetization dynamics at the corresponding frequency.
The µ-BLS set-up is equipped with a spectrum analyzer
connected to the sample via a bias-tee to measure the
electrical and the optical signals simultaneously. All the
measurements were performed at room temperature.
B. Electrical microwave spectroscopy
Figure 1(b) shows the ST-FMR frequency versus the
resonance field of the 6 µm-wide bar with no bias cur-
rent. The resonance field values were extracted by fitting
each peak to the sum of a symmetric and an asymmetric
Lorentzian function.[42] The frequency vs. field depen-
dence follows the Kittel formula[43] (solid red line) with
an effective magnetization of µ0Meff = 0.80 T and gyro-
magnetic ratio of γ/2pi = 28.3 GHz/T. The inset shows
the frequency dependence of the extracted linewidth for
the same data set. The linear fit to the linewidth (solid
red line)[43] gives the Gilbert damping constant value of
α = 21.5 × 10−3.
Figure 1(c) shows the bias current, Idc, induced
changes in the linewidth of the ST-FMR spectra arising
from the spin-orbit torque. The data was measured at the
microwave frequency of 5 GHz for positive and negative
in-plane magnetic field directions. Both datasets show
linear trends, as highlighted by the solid lines. Passing
a positive dc current decreases (increases) the linewidth
for positive (negative) polarity of the applied field. Us-
ing the slope of the linewidth versus the current, the spin
Hall efficiency—defined as the ratio of the absorbed spin
3to charge current densities, ξSH = Js/Jc [42, 44, 45], is
calculated as 0.085. Finally, an AMR value of 0.81 % is
derived from the changes in the magnetoresistance of the
bar versus ϕ under µ0HIP = 0.1 T, as shown in the inset
of Figure 1(c).
We then carried out microwave characterization of the
current-driven 150 nm-wide SHNOs pair separated by
300 nm. Figure 2(a) shows the auto-oscillation power
spectral density (PSD) vs. current for the field ap-
plied along ϕ = 38◦, 24◦, and 6◦. At the highest angle,
we observe two spin wave modes separated by roughly
125 MHz at their auto-oscillation onsets. This is the
unsynchronized state with difference in free running fre-
quencies of SHNOs stemming from the constrictions’
fabrication-related shape and width variations. The
modes also show weak, but different values of nonlin-
early frequency red shifts indicative of the linear-like type
of auto-oscillations[39]. Distinct frequency vs. current
slopes allow the modes to approach each other as close as
50 MHz at the highest bias current of 3.7 mA. However,
the SHNOs remain unsynchronized suggesting a locking
bandwidth lower than 50 MHz for the applied field angle
of ϕ = 38◦.
A similar behavior is observed for the field applied at
ϕ = 24◦. Compared to ϕ = 38◦ the frequencies dif-
ference at the onset of the auto-oscillations reduces to
approximately 60 MHz and remains constant with the
bias current. This is in contrast to the case of out of
plane applied fields where robust mutual synchroniza-
tion was already observed at such in-plane field angles.
This could be attributed to the non-monotonic frequency
vs. current behaviour that enables the frequency cross-
ing and frequency blue shifting that enhances coupling
strength[31].
By decreasing the in-plane field angle further to ϕ= 6◦,
we observe only one auto-oscillating mode right from the
threshold current, Ith. Now the frequency vs. current
behaviour is non-monotonic, changing from blue- to red-
shifting at around 2.6 mA. Then at roughly 2.9 mA,
the red-shift increases substantially, the amplitude of
the signal reduces and the linewidth increases, suggest-
ing condensation of the linear-like modes to spin wave
bullets[39]. Despite the change of dynamics, we still mea-
sure a single auto-oscillating mode.
Figures 2(b) and (c) show the auto-oscillation
linewidth and integrated power versus supercritical-
lity, I/Ith, of a single (black) and double (red) nano-
constriction SHNO. The threshold current for each
SHNO is extracted from linear fits of the inverse inte-
grated power vs. current[46, 47]. We compare the sig-
nals at the same values of the supercriticality to ensure
comparable (a) intrinsic powers of the oscillators and (b)
nonlinear linewidth amplification effects[48].
From now on we will focus on the linear-like regime
that shows the highest output power and signal coher-
ence. First of all, we note that the microwave signal
from the double nano-constriction shows lower linewidth
above the auto-oscillation threshold. It keeps decreas-
FIG. 2. (Color online) (a) Current-dependent auto-
oscillation PSDs of a 150 nm-wide double-NC SHNO with
300 nm spacing at µ0HIP = 30 mT directed along ϕ = 38
◦,
24◦, and 6◦. (b) The extracted linewidth and (c) the
integrated power for single- and double-NC SHNOs at
µ0HIP = 30 mT directed along ϕ = 6
◦.
ing vs. supercriticallity down to the theoretical limit of
the synchronized state of half generational linewidth of
a single oscillator. Secondly, we observe that the output
power of the pair, P2 is fairly constant above thresh-
old current at around 6.3 pW. The power of the single
SHNO, P1 slowly increases with supercticallity approach-
ing a value of 2.4 pW at the highest measured current.
At this point, a pair of SHNOs shows an output power
enhancement by a factor of P2/P1 = 2.63.
At first look, the observed power scaling significantly
exceeds a theoretical limit of P2/P1 = 2. However, it
should be noted, that the output power reported here is
4measured on the Z0 = 50 Ω load, i.e., the so-called de-
livered power. All our devices measure more than 150 Ω
resistance and so, there is significant power loss due to
the resistance mismatch. The scaling of the delivered
power could be estimated using the model developed in
Ref. [49]. For a pair of in-phase synchronized oscillators,
it reads P2/P1 = 4(Z0 + Z1)
2/(Z0 + Z2)
2 = 2.7, where
Z1 = 180 Ω and Z2 = 230 Ω are resistances of a sin-
gle and a pair of SHNOs, respectively. Here we assumed
that the AMR ratio and intrinsic power of SHNO does
not change with the number of oscillators.
Since the observed delivered power scaling agrees well
with the theoretical value, we conclude that for the in-
plane field applied at ϕ = 6◦ we observe synchronization
of SHNOs pair with vanishing phase lag. In contrast,
it approached tens of degrees for the out-of-plane fields
[31]. So, rf-applications-wise the phase-locking in weak
in-plane fields is preferable as vanishing phase lag would
enable linear scaling of the generated power with number
of oscillators.
We note that our measurements also suggest synchro-
nization of SHNOs in the strongly nonlinear regime (i.e,
beyond Idc = 2.9 mA). This might be the very first ex-
perimental demonstration of phase locking of spin wave
bullet solitons. However, a much worse quality of fittings
in this regime does not allow us to estimate the linewidth
and power scaling and give a definite answer at this point.
As synchronization favours lower in-plane applied field
angles, we look at its angular dependence more closely.
Figure 3 shows spectra of (a) a single, and (b) a pair of
300 nm separated SHNOs vs. field angle (µ0H = 30 mT)
at a bias current of Idc = 2.8 mA. At lower angles, the
fundamental mode (see bottom row) could not be de-
tected electrically, since the first derivative of the AMR
curve is vanishing (Fig. 1(c), inset). At the same time, a
strong second harmonic appears at lower angles (see top
row) as the second derivative of the AMR curve is large
at this region.[50] Since the amplitude of the second har-
monic is comparable to the fundamental mode, it could
be used for relatively high-frequency rf signal generation
even in weak applied fields. At the same time, it lies well
above FMR and, thus, might directly excite propagat-
ing spin waves[40, 51], e.g. act as a nano-scale spin wave
source for the applications in magnonics.
The single SHNO produces predominantly the second
harmonic for ϕ . 5◦, Fig. 3(a), then in a range of angles
5◦ . ϕ . 15◦ a signal at the fundamental frequency
appears with comparable amplitude and persists up until
ϕ = 50◦, while the second harmonic vanishes for ϕ &
15◦. For low in-plane field angles, the fundamental signal
shows a weak nonmonotonic frequency vs. angle behavior
and then monotonically increases from 3.85 GHz at ϕ ≈
25◦ to 4.05 GHz at ϕ ≈ 50◦, suggesting SHNO operation
in a linear-like mode[39].
For the SHNO pair with 300 nm spacing (Fig. 3(b)),
the constrictions oscillate independently with different
frequencies at higher angles, similar to what we observed
in current sweeps shown in Fig. 2(a). Moving towards
FIG. 3. (Color online) Fundamental and second harmonics of
the auto-oscillation PSD versus field angle at µ0HIP = 30 mT
and Idc = 2.8 mA for (a) single-NC, (b) double-NC with
300 nm spacing, and (c) double-NC with 900 nm spacing
smaller angles, abrupt synchronization happens below
a critical angle of ϕcrit ' 20◦, as indicated by the sig-
nificantly increased amplitudes of the fundamental and
second harmonics signals. The former disappears in the
vicinity of ϕ = 0◦, and a pair of SHNO only delivers
power at the double frequency.
At the synchronization point, the locking bandwidth
must exceed the difference in constrictions’ free running
frequencies of 120 MHz. Since it is fairly constant above
the critical angle, we conclude that locking bandwidth
is applied-field-angle-dependent. In general, the spatial
auto-oscillation profile is elongated perpendicular to the
applied filed direction[21, 39], e.g. along the SHNO stack-
ing direction for the field applied perpendicular to the
constriction. So the locking bandwidth decreases with
increasing angle due to the reduced spatial overlap of the
auto-oscillating regions[40]. Mutual synchronization was
also achieved for a triple-constriction SHNO with 300 nm
spacing. Since no fundamental changes to the synchro-
nization behaviour were observed in that case, we decided
to not discuss it in details here.
Increasing the constriction spacing from 300 nm to
900 nm (Fig. 3(c)) pushes the critical angle down to
ϕcrit ' 5◦. Consequently, only a strong second har-
monic of the synchronized state is observed. It should be
noted that in this case, the locking bandwidth is around
60 MHz, albeit of the expected strong spatial overlap of
the modes. Also at the field angles of around ϕ ≈ 40◦,
the signals of free running SHNOs cross, yet no signs of
synchronization are observed. So we conclude that in-
creasing the constriction spacing from 300 nm to 900 nm
significantly reduces their mutual coupling and, there-
fore, their locking bandwidth. This is expected irrespec-
tive of the interaction mechanism.
5FIG. 4. (Color online) (a–b) Spatial profile of the oscilla-
tion modes for unsynchronized oscillators at Idc = 3 mA and
µ0HIP = 40 mT where the oscillators are seen to be operating
at separate frequencies. (c–d) the spatial profile of the oscil-
lation modes for synchronized oscillators at µ0HIP = 40 mT,
showing two constrictions operating at the same frequency.
The frequency range of each of the spatial profiles are given
by the shaded region in the spectra.
C. Brillouin Light Scattering microscopy
In contrast to electrical measurements that rely on the
AMR effect, the Brillouin light scattering (BLS) sensitiv-
ity is independent of the in-plane field angle. So we car-
ried out optical measurements to directly inspect the spa-
tial properties of the auto-oscillating spin wave modes. A
raster scan across the sample using BLS gave a clear pic-
ture of the size and shape of the modes.
Figure 4 shows the spatial profiles of the modes in a
device with an interconstriction distance of 900 nm at
Idc = 3 mA for fields applied along an in-plane angle of
ϕ = 3◦. The larger separation was chosen to be longer
than the spatial resolution of the BLS (∼ 360 nm), in
order to resolve each constriction separately. Due to
the limited spectral resolution of the measurement (of
around 100 MHz), we observe a single frequency peak
for both synchronized and unsynchronized states (Fig. 4,
top row). However, to recognize the synchronization, we
made 2D spatial maps of the auto-oscillations by inte-
grating either the upper half or the lower half of the
resonant peak; the corresponding frequency ranges are
shown by the blue shaded area in the spectra. In the
unsynchronized state at µ0HIP = 40 mT (Fig. 4 (a–b)),
each individual oscillator operates at slightly different fre-
quencies. So the spatial maps, Fig. 4(a) and (b), show
auto-oscillations power mostly concentrated to either of
the two constrictions. For the synchronized state, at the
FIG. 5. (Color online) Line scans along the constrictions
showing both first (b & d) and second harmonic modes (a &
c) for the synchronized and unsynchronized states.
lower field of 30 mT (Fig. 4 (c–d)), the modes are in-
separable in frequency so, that the spatial maps show
even distribution of the auto-oscillations power across
the pair. We also note that, compared to the unsyn-
chronized state, the modes appear enlarged and shifted
towards each other. Some accommodation of the spatial
mode profile is likely required to make the frequencies
overlap.
Extracting the spectrum along the line connecting the
two constrictions, Fig. 5, shows that (d) the synchronized
oscillators oscillate at the same frequency, (b) while the
unsynchronized devices are separated by about 50 MHz.
We also detect a weak magnetodynamical signal at the
second harmonic, Fig. 5(a) and (c), which lies well above
FMR, ≈ 5 GHz and so, must correspond to propagating
spin waves. According to the micromagnetic simulations
of comparable devices, the wavelength of such magnons
should be less than 200 nm[40]. So the relatively low
amount of BLS counts detected could be due to the re-
duced sensitivity of our BLS setup to spin wave wave-
lengths well below 360 nm.
III. MICROMAGNETIC SIMULATIONS
To gain a deeper insight into the auto-oscillations, their
dynamics, and their synchronization, we carried out mi-
cromagnetic simulations using the GPU-accelerated pro-
gram mumax3.[52] We simulated a pair of 140 nm and
160 nm wide constrictions separated by 300 nm with a
mesa area of 2000×4000 nm2 and a thickness of 5 nm.
We only modeled the ferromagnetic layer, while the ef-
fect of the heavy metal was included by considering a spin
current perpendicular to the magnetic layer due to the
spin-Hall conversion of charge current in the Pt layer. Its
distribution and total Oersted field at the NiFe site were
calculated using COMSOL Multiphysics R© software[53]
for NiFe(5 nm)/Pt(5 nm) bilayer, using resistivities of
90 µΩ.cm and 44 µΩ.cm for NiFe and Pt, respectively.
The saturation magnetization, spin-Hall efficiency, gy-
romagnetic ratio, and damping parameter were ob-
tained from the ST-FMR measurement. We also im-
plemented an absorbing periodic boundary condition
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FIG. 6. (Color online)(Simulation) The FFT amplitude of
total magnetization versus DC current at µ0HIP = 28 mT for
(a) ϕ = 38◦, and (b) ϕ = 6◦. The insets show the spatial
distribution of the FFT of the local magnetization at the ex-
cited frequency (known as the mode profile) corresponding to
the currents employed. In each mode profile, the red (blue)
color corresponds to the maximum (minimum) of the FFT
amplitude at the specific current, angle, and frequency.
in order to avoid auto-oscillations self-locking to the
spin waves excited at double the oscillations frequencies
and back-reflected from the mesa boundaries. The ex-
change stiffness was set at a typical value for NiFe layer
Aex = 10 pJ/m.[54] In the simulations, we first allowed
the magnetization to relax to its minimum energy state,
then applied the current and let the system evolve for
up to 300 ns. We then carried out spectral analysis of
the y component of the magnetization over the period
of [100-300] ns to obtain the auto-oscillation spectra and
mode profiles, excluding the transient effects. All simu-
lations were done at zero temperature.
Figures 6 (a) and (b) compare the current scan sim-
ulations for ϕ = 6◦ and ϕ = 38◦, respectively, corre-
sponding to the experimental results shown in Fig. 2;
the simulations agree well with the measurements. First
of all, a 20 nm variation in SHNOs widths is sufficient
to reproduce the experimentally observed frequency dif-
ference of unsynchronized SHNOs at ϕ = 38◦. The ex-
tracted mode profiles (see insets) show that devices os-
cillate independently in a linear-like regime[39], and the
higher generation frequency corresponds to the smaller
constriction. Secondly, at ϕ = 6◦ oscillations show a
nonmonotonic frequency vs. current behavior with com-
plete synchronization within the inspected range of the
electrical current. At the onset of the auto-oscillations,
Idc = 2.05 mA, the dynamics is linear-like followed by a
slight frequency blue shifting and substantial mode ex-
pansion as the current increases to Idc = 2.5 mA. The
nonlinearity then turns negative, resulting in a transi-
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FIG. 7. (Color online)(Simulation) (a) FFT amplitude of
the total magnetization versus the in-plane angle of the ex-
ternal magnetic field with a magnitude of µ0HIP = 28 mT at
Idc = 2.8 mA. The mode profiles corresponding to the given
in-plane angles are plotted above the FFT amplitude spectral
density (in each mode profile, the red (blue) color corresponds
to the maximum (minimum) FFT amplitude at the specific
given current, angle, and frequency). (b) The time-averaged
phase lag between the two nano-oscillators in the synchro-
nized regime for normal (blue) and exchange decoupled (red)
structures. The inset shows the time evolution of the phase
lag for different in-plane angles. Calculating the variation
of the sine of phase lag, we find it to be near zero at syn-
chronized angles (0◦, 20◦, and 25◦) and around 0.5 for the
unsynchronized angle (40◦).[55]
tion to the bullet mode at around 3 mA with a stronger
negative current dependence of the frequency. Despite
the mode transition, the oscillators remain synchronized,
confirming the experimentally suggested phase-locking of
spin wave bullet solitons. Contrary to our previous re-
port on the bullets’ volume reduction vs. current in a
single constriction SHNO[39], the collective synchronized
bullet mode appears to expand as the current increases
from 3 mA to 3.4 mA. Synchronization of magnetody-
namic solitons may hence very well have some unex-
pected consequences, although this is beyond the scope
of the present manuscript.
Figure 7 (a) shows the in-plane angular scan simulated
for Idc = 2.8 mA and µ0HIP = 28 mT, which corre-
spond to the linear-like auto-oscillations. Similar to the
experimental observations (Fig. 3 (b)), as the in-plane
7angle decreases, the auto-oscillations enter the synchro-
nized regime below a critical in-plane angle of around
ϕcrit ' 25◦. The extracted mode profiles shown in Fig. 7
confirm the rotation of the auto-oscillations with the ap-
plied field in-plane angle. At low angles, ϕ = 0◦ and 10◦,
the auto-oscillations not only occupy most of the con-
strictions space, but also extend well into the bridge con-
necting the SHNOs and, overall, appear as a single mode.
For the moderate angles, ϕ = 20◦ and 25◦, the auto-
oscillations are significantly more localized to the edges
of the constriction, and their amplitude in the bridge is
much reduced due to the rotation. Finally, above the crit-
ical angle, ϕ = 25◦, there is vanishing overlap between
the modes.
The coherence of the synchronized state is determined
by the phase lag between the oscillators. We, therefore,
employ a Hilbert transform of the time-domain signals
from each oscillator of the pair and estimate their phase
difference as functions of time and in-plane field angle.
An example of such analysis is shown in the inset of
Fig. 7(b). For the applied field angles of ϕ = 0◦, 20◦,
and 25◦, the phase lag is constant with time, as expected
for synchronized oscillators without noise sources that
might induce phase slips. Above the critical angle, there
are periodic phase slips since oscillators are not synchro-
nized.
The blue curve in Fig. 7(b) shows the mean phase lag
between the synchronized auto-oscillating constrictions
vs. applied field angle. While the phase lag shows a non-
monotonic behaviour with a minimum at around ϕ= 12◦,
it is virtually zero up to ϕ = 15◦. Assuming that the
difference in free running frequencies of the oscillators
weakly depends on the applied field angle, we conclude
that the coupling between the auto-oscillations is rather
strong in this range of angles. Above ϕ = 15◦, the phase
lag rapidly increases, consistent with a reduced coupling
originating from the reduced spatial overlap of the modes.
In principle, the magnetic coupling of the constriction-
based SHNOs could arise from three distinct mechanisms:
magneto-dipolar, direct exchange and propagating spin
waves; coupling through the electrical current should be
negligible due to the very low magnetoresistance. The
last two magnetic types require exchange coupling be-
tween the devices, which can be suppressed by making
a trench in the center of the bridge connecting the con-
strictions, similar to what was done by Pufall et al. to
elucidate the interaction mechanism in nanocontact spin
torque nano-oscillators[56]. While this method is not eas-
ily implemented in our experiments, since the bridge pro-
vides the electrical connection between the devices, sim-
ulations can directly determine the impact of exchange
coupling. We, therefore, removed the exchange coupling
between the top and bottom constrictions and repeated
the angular-resolved phase lag analysis; the correspond-
ing data is shown by the red curve in Fig. 7(b). The
effect of exchange decoupling is negligible up to ϕ = 12◦.
After that, the phase lag rapidly increases leading to a
2◦ (8%) reduction in the critical synchronization angle,
as compared to the unconstrained simulations. So the
direct exchange coupling, which is completely eliminated
in our simulations, does not play a predominant role in
the observed synchronization.
Kendziorczyk and Kuhn showed that spin-wave-
mediated coupling dominates at larger distances (800 nm
for devices similar to ours). In such a regime, the phase-
locking bandwidth shows oscillatory behaviour vs. rel-
ative shift between the constrictions. In particular,
the phase-locking bandwidth should be enhanced if spin
waves arrive at opposite devices with zero phase shift.
The apparent lack of oscillatory behaviour vs. applied
field angle in our simulations indicates vanishing contri-
bution of the spin waves to the synchronization. Further-
more, the exchange decoupling that we implemented in
simulations should attenuate and shift phase of the spin
waves traveling through the center of the bridge. Again,
our simulations show no qualitative changes in this case.
So, we conclude that the magneto-dipolar coupling is the
dominant coupling mechanism for the in-plane magne-
tized constriction-based SHNOs.
IV. CONCLUSION
We have presented a detailed study of mutual syn-
chronization of nanoconstriction-based SHNOs in weak
in-plane fields of 30–40 mT with particular emphasis
on the dependence of synchronization on the field an-
gle. We studied double-nanoconstrictions with spacings
of 300 and 900 nm. Synchronization was achieved at an-
gles below a critical angle, ϕcrit, which is higher for the
shorter spacing due to the stronger coupling between the
nanoconstrictions. The spatial profiles from the micro-
magnetic simulations show that the synchronization at
lower angles is due to the expansion of the field-localized
spin wave modes in a direction perpendicular to the ex-
ternal field. When the SHNOs synchronize, we observe
a substantial increase in the second harmonic. While
this observation is in principle consistent with predictions
that the synchronization may be mediated by the prop-
agation of second harmonic spin waves, both Brillouin
Light Scattering microscopy and micromagnetic simula-
tions rule out this mechanism. Instead, the angular de-
pendent synchronization is predominantly governed by
magneto-dipolar coupling between neighboring SHNOs.
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